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We return to the theorem of Lecture 11 and give the proof once more, this time running the
maximal function estimate through the radially decreasing majorant of ® rather than through
the nontangential maximal function.

Theorem 1. Let & : R? — [0, 00) be measurable with

C ~

O(z) < A F )t =: O(x) for a.e. 2 € RY,

where C,0 > 0 are constants. Let u be a positive Borel measure on R‘fl. Then the following
are equivalent:

(i) p is a Carleson measure.

(ii) For every p € (1,00) there exists a constant C), , 4o > 0 such that

/Rd“ }((I)t * f)(x)‘p du(z,t) < Cp ju,d,® Hf”lzp(Rd) Vfe Lp(Rd),

+

For (ii)=(i) one needs in addition cq o = fB(O 1) ® >0, otherwise & = 0 satisfies (i) for every . Every
non-negative approrimate identity has this property.

Two facts are used. First, from the exercises: if ¥ > 0 is radial, ¥(z) = Yo(|z|) with ¥y
non-increasing and having only finitely many discontinuities, then

|(\I/*f)(m)‘ < W Mef(x) for alleRd, €

where M, is the centred Hardy-Littlewood maximal function. The dilates ¥; have the same
properties and [|W|[z1 = [|[W||z1, so (*) holds for every W¥; with the same constant. The majorant
® is radial, decreasing, continuous and integrable, with

=~ dx
~ = @ = —_— xXO
Ca =8l = [ G <

so (x) applies to <AISt. Second, Proposition 4 of Lecture 11: p is Carleson if and only if

p(0) < CualO|  forevery open O CRY, O :={(x,t) e R} : B(x,t) C O}

Proof of (i)=(ii). Let u be Carleson, p € (1,00) and f € LP(R?). Since 0 < & < &,

’(cpt * f)(x)‘ < (EIV)t * | f])(z) for all (x,t) € ]Rffrl,

so it suffices to bound the right-hand side. By the layer cake formula,

Ad+l($t*\f\)(x)pdu(x,t):/Ooopxp—lu(EA)dA, By = {(z,t) e RE . (Bpx|f])(2) > A}



Define, with M the uncentred Hardy—Littlewood maximal function,
= {yERd: 2d+‘SC&)Mf(y)>)\}, A>0.

O, is open, since M f is lower semicontinuous: if ﬁ Jg |f] > a for some open ball B > y,

the same ball witnesses Mf > a at every point of B. Also Oy # R? because |0y <
ATP(2HOC)P M f|F, < oo.

Key inclusion. For every A > 0,
E\ C O,. (1)

Let (z,t) € Ey and y € B(x,t). For every z € R? we have |y — 2| < |y —z| + |z — 2| < t + |z — 2],

hence
1+|y;Z| - 2+I»”C;ZI < 2<1+|$;ZI>7

and therefore

—d d+48 —d
C‘;iz‘ d+6 < c ?z|t a+s 20+ (I)t(y —2).
(1+57) (1+457)

<A13t(a: —z) =

Multiplying by |f(z)| and integrating in z,

A< (Brxlf])(x) < 27T (Dy % |£]) (w) < 2440 0= M, f(y) < 2970 Oz Mf(y),

—
N

that is y € O). As y € B(z,t) was arbitrary, B(z,t) C O,, which is (1).

Mowing the centre of o, by less than t changes it by at most the factor 29+°

. This is what turns a large
value of ®y x| f| at the single point x into a large value of M f on the whole ball B(x,t), and that is exactly

what membership in Oy requires. Without the factor one only gets x € Oy, which says nothing about L.

The set Ey is bounded in t: by Hélder with the conjugate exponent q, (9, * |f)(z) < ||®¢|lallfllr =
t=/P||®||La || f|lLr, which tends to O as t — co. Convolution at large scale spreads the mass of f out, so
large t never contributes to Ey.

O\

Left: d =1,6 =1, ®(z) = 11+ |z|)72 (mass one), f = x;—1,1). The convolution @, = f has total
& 1
1+t

Right: the level set Ex = {(x,t) € R% : O,  f(z) > A} in the half-plane. It is bounded in t by 1-1
and has width about the support of f. Picking t large is never an option: large t means the mass of f

mass || fllpr = 2 for every t, so as t grows it flattens and its mazimum Py % f(0) = drops below A.

has been spread too thin to exceed \ anywhere. In red on the axis is the set Oy C R from the proof: here
M f(y) = min{1, %Iy\} and 2‘”505 =4, so Oy ={ly|] < % — 1}, an interval of half-length about 25.7
for A =0.3. The tent Oy over it is the triangle of that height, far larger than the window shown, so (1)
holds with lots of room. The inclusion is crude, it only needs to be true.



Now (1), Proposition 4 of Lecture 11 applied to the open set Oy, and the layer cake formula on
R? give

[ @l @rane < [Tonu@)an s Gua [ oo
RI* T Jo T 0
(1) Proposition 4

1

layer cake

S GG (Co ) I ey

Lecture 2 Corollary

= Cua /R d(2d+5 C3 Mf(z))" dv

This is (ii) with Cp .46 = Cpa(297905 Cq527)7- M

Proof of (ii)=>(i). Assume (i) and cq0 = [, ® > 0.

Step 1: balls. Let By = B(xg, ) be any open ball and 2By = B(xg,2r). For (z,t) € R‘i“ with
B(z,t) C By,

(P * X2, () = /

Bz —y)dy = / By(y) dy
2Bg ) r—2Bg

y—mzr—y

/ Py(y)dy = / P(2) dz = cq0-
B(0,t) il B(0,1)
z,t) Cxz— 2By y=tz

Y

B(0,t)=z— B

—~

So cd o X5, < < (®¢*x2B, )P pointwise on Ri“, where By = {(z,t) : B(x,t) C By}, and integrating
agalnst W,

—~ 1 C d,® 2dC d,®
wBo) < 5 [ |@erxas) @) du(a,ty < et g T Ched® g o)
Ca,o JRE T Clo d,®

(it), f = x2B,

Step 2: from balls to cubes. Let @ be a cube with centre c¢g and let Bg := B(cq, (1+ @)E(Q)).
If (z,t) e T(Q) = Q x (0,4(Q)) and z € B(z,t), then

|z—cq| < |z—zx|+|z—cg| < t—i—@ﬁ(@) < (l—i-@)ﬁ(Q),

so B(z,t) C Bg. Hence T(Q) C Bg, and by (2)

. 2d ¢ 9d ¢ va (1 + ¥4)*
W(TQ) < n(By) = ZCpman gy T man il ) g
d,® d,®

with vg = |B(0,1)|. This is the Carleson condition. W

Step 2 is the reason it is enough to test Carleson-type conditions on balls, cubes or cylinders: a tent over
a cube sits inside the “cone tent” B over a ball of comparable size. The same two lines prove (ii)= (i) of
Proposition 4 in Lecture 11 (take O = Bg ).

Corollary 2. Let u be a positive Borel measure on R‘fl. Then p is a Carleson measure if and
only if for every p € (1, 00) there exists Cp 4, > 0 with

LMo D@ due0) < Cpan 1l VS € LR

+



where P, = (P); is the Poisson kernel,

d+1 d+1
Py - N7 1 P - N50) t
() = =555 a¥1 1) = =77 FES
T (L4 [xf?) 2 T (P zf?) 2

Proof: Theorem 1 with ® = P, which is positive and satisfies P(z) < C(1 + |z])7%!, so § = 1.
|

This is the kernel used all the time: u(xz,t) = Py x f(x) is the harmonic extension of f to the upper
half-space, and the Corollary says the Carleson measures are exactly the measures on R‘fl against which
harmonic extensions of LP functions are LP-integrable.



Carleson measures and BMO

Theorem 3. Let ¢ € /(R?) with [pq1(z)dz = 0. Then for every b € BMO(R?) the measure 1
on Rff_“ given by

dt

dpu(,t) = |(bx4be) (@) dw —

is a Carleson measure, and
2
[l < Caw llblBmos
where Cy,, > 0 depends only on % and d.

What this says: b* 1 (z) measures the part of b living at scale ¢ near x (the mean zero condition
kills constants, so only oscillation is seen). For b € L? the total mass Jga+1 b * Py |? da % is
+

comparable to [|b]|2, by Plancherel. For b € BMO the total mass is infinite in general, but the
mass over any tent is controlled by the area of its base, and the constant is the square of the BMO
norm. Together with the Corollary this is the bridge between BMO on R¢ and the half-space.

The converse is also true: if 1 is in addition non-degenerate (for instance 1; # 0 on every ray from

the origin) and the measure above is Carleson, then b € BMO. More generally the balayage Su(x) :=

Jga+1 Pi(z—y) du(y,t) of any Carleson measure p is a BMO function with || Sulmo < Callpll (Carleson,
T

Fefferman—Stein). So the correspondence goes in both directions. We will not prove the converse in the
course.

Before proving Theorem 3 we need to know that b * 1) makes sense for b € BMO, which is only
locally integrable and can grow like log|z|. The two lemmas below handle this: averages of a
BMO function over nested cubes grow at most linearly in the number of doublings, and that
growth is beaten by any polynomial decay.

Lemma 4. Let b € BMO(R?) and let Q C R? be a cube. Then for each N € N,
|[(b)g — (b)ang| < 2°N [0l BMmo (R4 -

Here 2V Q is the cube with the same centre as @ and side length 2V/(Q).

Proof. It suffices to show that for every cube @

() — (b2q| < 2¢bllBMo- (3)

Once (3) is known we apply it to Q,2Q, ...,2Y¥~1Q and telescope:

N—1
[(b)g — (b)avg| < Z |(B)arg — (B)ar+1g] % N 2% [b]|Bumo-
k=0

(3) for 2Q
For (3), since (b)g — (b)ag = ‘—1| fQ (b(z) — (b)2g) du,
o~ 0] < a7 [ @) = hagl e
1
< 2 g1 ) = Ghaolds < 2 lblowo.

Q €20, [2Q| =24Q|

Each doubling of the cube can move the average by at most 2%||b||smo, so after N doublings the average
has moved by at most 24N ||b||pyo- For b = log|z| and Q centred at the origin, doubling the cube changes
the average by exactly log2, so the linear growth in N is sharp.



Lemma 5. Let § > 0. There exists Cys > 0 such that for every b € BMO(R?) and every cube
Q C R? with centre cg,

5 |b(z) — (b)o| N
1@ /]Rd (6@Q) + |z — o)™ dr < Cag[lb]Byo-

What this says: the weight £(Q)°(¢(Q) + |z — cg|) ™70 = £(Q)~¢(1 + ‘2{5?')_d_5 is the dilate
;I;g(Q)(ac — ¢g) of the majorant from Theorem 1 (with C' = 1). So the lemma bounds the
oscillation of b around its average on @, measured against a bump of scale £(Q)) centred at Q
that sees all of R? with polynomial decay, uniformly in (). By Lemma 4 the oscillation of b at
distance 2V0(Q) from Q is of size N||b||gmo, and the weight is of size 27V9 there, so the sum
converges. In particular b* () is absolutely convergent for b € BMO, ¢ € . with mean zero:
write b x Y(z) = [(b(y) — (b)q)vt(z — y) dy with Q the cube of side ¢ centred at z, and use

Wiz — y)| < C®y(z —y).

8Q
8Q\ 4Q

Q2 1@

2Q

84(Q)

The plane is chopped into Q and the dyadic annuli 28 T1Q\2NQ, N > 0 (shown for d =2). On the N-th
annulus |z — cq| > 2V ~1(Q), so the weight is at most 2~ N =D+ p(Q)=d while the area is 2NT19|Q)
and the oscillation around (b)q is controlled by ||bllsmo plus the average shift from Lemma 4.

Proof. Reduction to Qg = [—%, %]d. Let Q@ = cg + 4(Q)Qo and put bg(y) = b(cQ + E(Q)y).
Translations and dilations map cubes to cubes and preserve averages, so (bg)g, = (b)g and
||bQHBMO = HbHBMO Substituting = = cqQ + E(Q)y, dr = E(Q)ddy,

5 [b(z) — (b)q _ ) 6o (y) — (bQ)q, | d
“ar J, 1@ + 10— o)™ T w7

:/ b0 (y) — (b@)q|
ra (L [y[)a+

So it suffices to prove the lemma for Qo, with £(Qo) =1, c¢g, = 0, |Qo| = 1, and b in place of bg.
The cube Q. Split R? = Qo U UN=o (2N+1Qo \ ZNQO), a disjoint union. On Qo the weight is at




most 1, so
IR [o(z) = G| / b@) — Baoldz < lbllmo.
% <1+|xrd+5 @ T
\

If 2 € 2N*1Q \ 2VQq then z ¢ [—2N~1 2V~14 50 some coordinate satisfies |x;| > 2V~! and
1+4|z| > 2V~1. Hence, by the triangle inequality |b(x) — (b)g,| < |b(z) — )
(0)Qol,

|b b)Qo‘
/ —d+6 dx
aN+1Q\2NQ, (1 + [2])

1
S SN D@) [/QNHQOV)(»’U) — (b)an1g, | do + /2N+1Q0‘<b>2N+1Q0 — (0)q| dl’}

(b)an+1g, |+ {b)an+1g, —

1 N+1 N+1 d
% WU? Qol IbllBmo + [27 7 Qo (N 4-1) 2 ”bHBMO]
BMO, Lemma 4 with N + 1
= 22440 97No (1 4 24(N + 1)) ||b]lB™mO-
|2N+1Q0| :2(N+1)d
Summing over N > 0 and using Y -2 = == and Y y5 (N +1)27V0 = —]

(1_2—6)2 )

b(z b)g 1 od
/x@dwd < <1+22d+5{1_275+(1_275)2})|yb||BMO =:

The hypothesis § > 0 is used exactly once, to make the geometric series converge. For § = 0 the weight
(1+ |=|)~? is not integrable and the lemma fails already for b = log |x|.



