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Dyadic maximal function and dyadic H'!

Close link to probability theory, like the conditional expectations of the last lecture.

Definition. The dyadic (martingale) mazimal function of f € L{ (R?) is defined as

Mpf = sup |[Egf|.
k€EZ
Recall E; f = Zer, HQ)=2"* XQ<f>Q’ S0

Mpf(x =Sup’Q“/f dy)

QED

the regular (uncentred) maximal function, but only over dyadic cubes. Also (Ex f)kez is a dyadic
martingale, and Eif — f as k — oo in L? and a.e. (Lecture 14).

Two differences from the Hardy-Littlewood maximal function: the absolute value is outside the average,
so cancellation inside a cube helps, and only the countably many dyadic cubes containing x compete, one
for each scale.

Theorem 1. For every p € (1, 00] there exists Cp, 4 > 0 such that
1leay < IMpfllporay < Cpallfllomey — forall f e LP(RY),

and one can take Cp 4 = ]% for p < oo and Cro g = 1.

Proof. Lower bound. By Lebesgue differentiation along dyadic cubes (Assignment 1, Question

2(c)), |f(z)| = limg—oo |Exf(z)| < Mpf(x) for a.e. . Case p = oco. [(f)q| < ||fllre for every
Q, 50 [Mpfllpee < [|f]lzee-

Weak type (1,1), via the CalderonZygmund stopping cubes. Let f € L'(R?) and a > 0. If
Mpf(x) > a there is a dyadic @ > = with |(f)g| > a, and since [(f)g| < [|f|lz1/|Q] — 0 as Q
grows, there is a largest such cube. Let Q be the family of these maximal cubes,

9={QeD: |(f)g| >a, |{f)o| < a for the dyadic parent Q" of Q}.

Two maximal dyadic cubes are either equal or disjoint, so Q is a disjoint family, and {z :
Mpf(z) > a} =Ugeg @ Hence

{z eR?: Mpf(z)>a}|=> Q|
Qe
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This is weak type (1,1) with constant 1, and the same argument works verbatim for f € LP,
p < oo, since then |(f)g| < |Q|~V?| f|l» — 0 as well.

Strong type (p, p). Now interpolate with the Marcinkiewicz interpolation theorem between py = 1
and p; = oo, with constants A = B = 1 in the notation of the previous lectures. Keeping the
middle expression in (T) instead of the last one gives the sharp constant: by the layer cake
formula and Tonelli, for f € L' N L* (so that | Mpf]|zr < 00),

IMpfIE, = / pa|{Mpf > a}|da < / pa=? / (@) dzda
0 (% 0 {Mpf>a}

Mp f(z)
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and dividing by |[Mpf|[2," gives |Mpf|r» < SZllfllze. For general f € LP apply this to
| f1X{1f|<n}nB(0,n) and let n — oo by monotone convergence, using Mpf < Mp|f|. B

The constant ﬁ 18 Doob’s maximal inequality for martingales and is sharp. The generic Marcinkiewicz

bound from Lecture 2 with A = B = 1 would give 2(1)’%1)1/1); the improvement comes from the middle

term in (1), which says the level set of Mp f is controlled by the mass of f on that level set, not by all of
1f1lr-

Definition. The dyadic Hardy space Hs(R?) is given as

HpRY) = {f € L'RY): Mpfe L'RY},  |Ifllay = 1Mo Sl za-

Recall the theorem about H'(R?) (Lecture 9): for f € L*(R?) the following are equivalent.
(a) f e H'(RY).

nt] € , where Mp;f(x) = supy,_ bk y)| 18 the nontangential maxima
b) M,.f € LY(R%), where M,,f y—a|<t | (Pe % [ is th ial imal
function.

(c) Sf € LY(RY), where S is the square function.
(d) f=>,aras, with (o) € ¢1(N) and ay, atoms.
Theorem 2. Let f € L'(R?). Then the following are equivalent.
(a)+(b) f € HLH(RY), that is Mpf € LY (R9).
(c) Spf € L} (R?), with the dyadic square function Sp defined below.

(d) f =Y, arar, with (ax) € 1(N) and ay, dyadic atoms: ay, supported in a dyadic
cube I, fa[k =0, ||a[k||Loo < ‘Ik‘_l.

(a) and (b) merge into one condition: recall the picture of M,;, a cone above x over which the
Poisson averages are taken. For Mp the picture is the tower of dyadic cubes containing x, one at
each scale. Note it is not centred at x, but it is some sort of cone too, and this is the connection
between the dyadic and the nontangential maximal function.
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d=1. Left: My, f(z) takes the supremum of |P; x f(y)| over the cone |y — x| < t. Right: Mpf(x) takes
the supremum of |(f)q| over the dyadic intervals Qi (x) > x, drawn at height equal to their length. The
tower is a jagged, off-centre cone with vertex x.

Definition. For f € L _(R?) we define the dyadic (martingale) square function

sof = (Y IefP) ", D = Enf ~Beor .

kEZ

The Dy f are the Haar frequency packages: Dy f collects the Haar coefficients of f at scale 27, the dyadic
analogue of the frequency band |&| ~ 2F.

Recall the Littlewood—Paley square function

sr= (s £12)".

k

where 0y, * f is the piece of f with frequencies |€| ~ 2%, that is 0y * f = 5kf with d;, the cut-off
to the k-th dyadic frequency band. Theorem 2 is not proved today; we first prove the LP theory
of Sp, which is the dyadic version of the Littlewood—Paley theorem.

Theorem 3. For every p € (1,00) there exist constants A, 4, B, 4 > 0 such that

Apallflr@ay < 190flppmay < Bpallfllpomey — forall f e LP(RY).

Proof of the upper bound. Again let (£2,.4,P) be a probability space and {rj}rez Rademacher

functions on (€2, A, P), that is independent random variables with P(rj, = 1) = P(ry = —1) = 1.
Let N € N and w € €, and define the Haar multiplier

N

Twny = Z rk(w)Dkf.

k=—N

We know f =322 _ Dy f with convergence a.e. and in LP for f € LP(R%), 1 < p < oo (Lecture
14; the proof given there for p = 2 works for every p < 00). So T, xy multiplies each dyadic piece
of f by a constant, exactly as a Fourier multiplier does with the frequency pieces:

~ -~

fr=r ) JOETETdE — | () F(6) T e,

and 7 (w) for a fixed w is a number depending only on k, so T, ; is the Haar analogue with
m(k) = rg(w) = £1.



Claim. For each p € (1,00) there exists C}, 4 > 0, depending only on p and d, such that

ITonflr@ey < Cpallflip@sy  forall fe LP(RY), weQ, NeN.

The point is that the constant is uniform in w and N.

Case 1: 1 < p < 2. First p = 2. By Pythagoras, since the Dy f are mutually orthogonal (Lecture
14) and |rg(w)| =1,

N 9 N
1T e = | D2 re@)Bas]| |, = 3 Ira()? DI
k=—N k=—N

< > IDwfIZ n IFIIZ2-

k=—o00 Lecture 14, (b)

So T, v is of strong type (2,2) with constant 1.

Now p = 1, weak type. Let f € L*(R?) and a > 0. We consider [{z € R? : |T,, yf(z)| > a}|.
Take the Calderén-Zygmund decomposition of f at height a (Lecture 5): a family Q of mutually
disjoint dyadic cubes with

1
D1QE< Slifl, b= (f—{fe)xe. swpbC [J @,
QeQ QeQ QeQ
g:=f=b  |g(x) <2%.

g=f off UQ, where |f| < a a.e., and g = (f)q on Q € Q, where a < |(f)q| < 2% by mazimality. In
particular ||g||z2 < || f|lz. Since Ty, v f = Ty Ng + T, N,

{z eRY: |Tunf(2)] > a}] < [{zeR: [Tyng(x)] > 3+ [{z e RT: [T, nb(x)] > §}].

=:(I) =: (II)

The good part (I). Recall that ||g||2, < ||gllz|lgllr1 < 2% || f||z1. Hence

H < 2 |17, N1l < 2 lgllz: < 2o 11 E il
a — .
T ) w,NYG|l 12 3 a2 9llrz > ) Lt @ L1

Chebyshev strong type (2,2)
So (I) is fine. Now (II).
The bad part (II). Claim: supp T, b C UQeQ Q. Recall

b= Zb@ bg = XQ(f—<f>Q)7 supp bg C @, / bg = 0.
QeQ Q

We will show supp T, nbg C Q for each Q € Q. Let £(Q) = 27*.

Step 1: Epbg = 0 for I < k. For | = k: {bg)g = 0, and for Q' € D with £(Q’) = £(Q) = 27F,
Q' # Q, we have @' NQ = 0, so (bg)g = 0. Now let Q' € D with £(Q') =271, 1 < k, so Q' is
larger than Q. Then either Q C @', in which case

1
(bg)q = 121 Jo bg = ||§,‘|<bQ>Q =0,

or QN Q" =0, in which case (bg)q = 0 trivially. Hence E;bg = 3" qcp, Xq/{bg)q = 0 for all
[ <k.



Step 2: suppE;bg C @ for 1 > k. Now the cubes Q' € D; are smaller than (), so again only two
possibilities: Q' N Q = 0, and then (bg)q =0, or Q' C Q. Thus

Eibg = Z xq (bg)q, S0 suppEibg € @  for [ > k.
Q'eD,
Q'CQ

Consequently supp D;bg = supp(Eibg — E;—1bg) C @ for I > k (for | = k + 1 the second term is
0 by Step 1), and by telescoping

o0
bo=Y_ Dibg,
I=k+1
each term supported in Q). Telescoping: ZlL:k-H Dibg = Erbg — Exbg = Erbg — bg a.e. as L — oo.
Step 3. Since Dby = 0 for | <k,

N
T, nbo = > n(w) Dibg,
l=max(—N, k+1)

a finite sum of functions supported in @, so suppT, nbg C Q. Thus the sum T, yb =
>-0co Lu,nbq is also supported in (Jgeo @, and the Claim holds. T, vb = > Tu,nbo because
each By commutes with the sum over Q: the bg have disjoint supports and b € L', s0 (b)qr = - (bq) @/
for every cube Q'.

Concluding the weak type estimate. By the Claim, {|T,nb| > 5} C Ugeo @, s0

a < [Ue[=X 10l < il

Qe QeQ

and altogether

2472 1
[{z €RY: [Tunf@) > a}] < )+ < =——|flnEs

forall f € L', a>0,weQ NeN. SoT,y is of weak type (1,1) and strong type (2,2),
with constants independent of w and NN, and the Marcinkiewicz interpolation theorem gives the
Claim for 1 < p < 2.

Where this is going (to be completed next lecture). Case 2,2 < p < oo: T, n is self-adjoint on L?, because
each Dy, is an orthogonal projection and r(w) is real, so the bound for p follows from the bound for the con-
Jugate exponent q € (1,2) by duality. Then Khintchine’s inequality, Ew|zk rk(w)ck}p ~, (Zk |ck|2)p/2,
applied at each fized x with ¢, = Dy, f (), turns the uniform bound on T,, N into the square function bound:
Jga (Zlk\SN |]D)kf|2)p/2dx Sp BollTo N flI7e < CF 4l flI7s, and N — oo by monotone convergence gives
the upper bound in Theorem 3. The lower bound is duality again: [ fg =, [DyfDrg < [ SpfSpg <
IS fllLr Bg,allgllLe, and taking the supremum over ||g||pa < 1 gives || f||r < BqdallSofllrr. The whole
proof is the Calderén—Zygmund argument from the Hilbert transform, with the single new input that dyadic

martingale differences of a function with mean zero on a dyadic cube Q@ never leave Q: there is no tail
outside 2Q) to estimate, which is why the dyadic theory is cleaner than the continuous one.



