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Schwartz class and tempered distributions
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7 (R9)" is the space of tempered distributions.

Write

“” because u is not necessarily a function.

examples

1) UZ(SO

2) f € LP(RY), 1 < p < oo, define

3) For ¢ € #(R), define p.v.(2) : #(R) — C,

<p.v.(%) ,<p> = / (’Df) dz”

1 not integrable, but we can take an appropriate limat.

~ lim e@) . pla)
<pv( ),g0>— 1 dx + /x|>1 d

e—0t e<|z|<1 x

well defined: %XR\[— 1,1]€L2

exercise question for next week.



1. Differentiation on .7 (R%)
Recall that for any ¢, € Z(R%), then a € N¢

0"p(x)(x)de = (1) [ o(x)0")(x)dx
R4 R4

define for u € .7 (R%),
(0%, 0) == (=1)u,0%) (v € Z(RY)

“outrageous things done on u can be thrown on ¢”

2. Convolution with a Schwartz function on .%(R?)
For n € Z(RY), we define 7j(z) = n(—z).

Recall: For 1, ¢,v¢ € .7 (R9),
(nx1,0) = (¥, 0 x1).
For u € (R, n € #(R?), define u * 1 by

(uxn, @)= (u,0*7), ¢S (RY.

Theorem: If u € (R, n € #(R?), then u * n can be identified with a C°° function.

Definition. The Hilbert transform, H is defined on .#(R) by

(He)(y) = (Lov-(2) ) ().

3. Fourier transform

Recall that for f € .Z(R9) or even f € L'(RY)

J?(f) = f(x) e 2mEE o and inverse f(g) = f(z) PRALERI
Rd R

(note x - £ = Zle x:&;)
Recall that f = f for f € .%(R%). We define for u € .7(R%)"

(@) = (w,@), ¢S R

For this to be well defined we need a very important property F : .7 (R%) — .#(R%), also define
inverse

(@,0) = (w.g) (¢S RY)

Proposition 10 Let k € L*(R?) with [p, k(z)dz = 1. With ky(z) := t~%k(t"'z), this gives an
app. id. (k¢)¢>0. Then k; ﬁ o in (R ie.
—

(kt,0) — (do,0) =9(0),  Voe SR



Proof. Fix ¢ € .7(R%), t > 0. Then

ke, ) = / k(1 ) p(x) dr = / Ky)  elty)  dy = [ k(y)e(0)dy = 9(0).
Rd Rd —— t—0 R4

} t—0
©(0) for each ycR?

Theorem For u € .7(R?), n € Z(R%), u*n € C®(R?), with

(wxn)(@) = (u, 721 ).
~~
€. (R%)

Convolution operators

Def A vector space X of mble functions on R? is said to be closed under translation, if for every
f€X,heRe then 7,f € X, where 7, f(x) = f(z — h).

Def. Let X,Y be two spaces of mble functions on R¢ which are closed under translation. Let
T : X —Y be an operator. We say that T is translation-invariant, if T o7, =1, 0T Yh € R%

Theorem Suppose that T : L?(R?) — L?(R?) is linear, bounded and translation invariant. Then
there exists u € .7 (R?)’ s.th.

o Tf=uxf Vfec. 7R
e 7 is an L™ function on R%.

Proof: Duoandikoetxea.

Theorem Suppose that u € .7 (R?)’ is s.t:

e U agrees with an L> function on R?

e u agrees on R?\ {0} with a L] (R?\ {0}) function K with

loc

sup/ }K(x—y)—K(az)’daz<oo
y€ER Jz|>2]y|

(this is a smoothness condition) Calderon—Zygmund

then the operator defined on . (R?) by T = u* ¢ can be extended to a bounded linear operator
T : LP(RY) — LP(R?) for each 1 < p < oo.

Example 1) The Hilbert transform H given by Hf = %p.v% x [ for f € S(R) extends to a
bounded lin op on LP(R) for each p with 1 < p < oc.

2) For j € {1,...,d}, the jth Riesz transform R; is defined by R;f = W, = f (f € #(R?)),

w2

(Wj, @) = ) lim/ Yi_oy)dy  (p e S (RY)
’ a0t Jyse fy[*TH



The Calder6n—Zygmund decomposition

Def: A set Q@ C R? is said to be a dyadic cube, if there exist k,m,...,mq € Z s.th
Q = [2"m1, 28(my + 1)) x -+ x [2Pmg, 2F(my + 1))

The set of all dyadic cubes is denoted by Dy.

Exercise For any Q,Q’ € Dy we have QNQ' =0 or Q C Q" or Q' C Q.

Theorem (Calderéon—Zygmund decomposition)

Let f € LY(R?), a > 0. Then there exists a collection Q of mutually disjoint dyadic cubes @Q in
R?, such that with

0=1\JQ F=R"\0
N———
QeQ “go0d”
ALbad”

(a) |f(z)| <aforae xeF

L X X dCL
(b)a<,Q‘/Q|f( )| dz < 2.

Q is called the Calderén—Zygmund decomp of f at height a.



