Harmonic Analysis

Lecture 7

Teodoras Paura

22 September 2026
Exercise Classes: Thursdays 13.00-15.00

Littlewood—Paley Theory
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We are after: for p € (1,00), 3A4,, B, > 0 such that
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these will meet CZ0 and we know they are bounded.

Let n € C°(RY) such that
o n(¢) =1if [§ <1
o 7(§) =01if [§] >2
o ) <1 VEER?
5(§) =n(&) —n(2¢)  VEERY,

note that Z 5(277¢) =1 V& e R\ {0}. Look at

Jj=—00
M M
J J 9—j+1 — Mgy N+1
2. T = Z (277¢) - §) =n2 Mg —n2"g)

—_———
I M—oo I N—>oo
1 0

telescoping

N, M — oo, so — 1.
We call §(277¢) =: §,(£). Note

suppd; C {¢ € R%: 2771 < Je] < 2j+1},

so live on dyadic shells of thickness 27.
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supports of §; on the line: 6; lives on (277,29T) 50 6; and §;41 overlap exactly on (27,2711), while §;
and 12 only touch at the point 27+1,

overlap
1<él<2 only 5,
‘ 4
supp do supp 41 only o both
<<

0,01, 02

in two dimensions we get annuli. First: suppdy = {3 < [£| < 2}. Second: suppdy = {1 < [£| < 4}.
Third: both together, the crosshatched ring {1 < |£| < 2} is where they overlap. Fourth: g, d1, 09
together, with the two overlap rings hatched differently; 61 is entirely covered by its two neighbours, and
do, 92 do not overlap at all, they only touch along |§| = 2. Each 0; overlaps its inner neighbour on the
inner half of its ring and its outer neighbour on the outer half, so at no point are three of them nonzero,
and &;, 8j1o meet only along the circle |¢| =271, On €] = 27 itself only 6; is nonzero, and there
6j =1, consistent with 3_, 6; = 1.

We now fix 1,6 as above and define
Ajf =0, f, feSRY.

Define Littlewood—Paley square function

si= (3 1aR)

j==o00

we want to prove:
Theorem For p € (1,00), there exist constants Ay, 4, Bpa, > 0 such that

Ap,d,anHLP(JRd) < HSfHLP(Rd) < Bp,d,anHLP(Rd)-

this p;;t first
Technique: prove the second part and use duality. (Note Sf is sublinear.)

First let us build some machinery.



Khintchine’s inequalities

Let (92,.A,P) be a probability space. We say that the independent random variables 7, : Q@ — R,
n € Ny, are Rademacher, if

P{weQ:iry(w)=1}) =P{w e Q:rp(w) = -1}) = 3 Vn € Ny.

Note independence is then

AMWMMWﬂWAZAm@mmw/nW@wwpﬂ for n # m
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So looks like orthogonality!
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e.g. for r1 we can halve the interval, or enlarge the intervals

rn(t) = (sign(sin(27rt . 2")))

n>0

Khintchine’s inequalities For each p € (0,00), there exist A,, B, > 0 such that for any N € N,
ai,...,ay € C,

N
APHZ anrn(w)‘
n=1

N L2 N
o = ()" < S

LP(Q)

Linearization of the Littlewood—Paley square function

Choose Rademacher functions {7} ez on some probability space (€2, A, P). For w € 2, N € Ny,
write

N
men(©) = > W) ),  (eRr?
j=—N
= myn € L(RY). Let Ty nf :=mun*f (f €S (RY)). Hence
N ) N
Tonf= Y rilwdi«f= Y riwAf,
=N =N

so that’s the linearisation. Now we will show they are uniformly bounded. We shall prove that
there exists Ag, > 0 such that

(1) lme,nll oo ray < Aay

(2) sup / ‘mw,N(m —y) — mw,N(x)‘ de < Aqgy,.
yeR J|z|>2]y|



Once we have (1), (2) we apply the Theorem on CZO of convolution type and find: for any
p € (1,00) there exists Cyp 4, > 0 with

TN fllze@ay < Cpan 1fllzrma (*)

I clearly doesn’t depend on N, w !

Once we have (1), (2) and thus (%) by the Theorem from last time, we get

Chy [ H@P - /Q (Chan [ 17@P d)ap(e)
)=
; / | Font@l dedpo)

/]R d / ’ :ZN: )‘de(w) dz

use Ki hintchine

N p/2
_ 2
s [ )
Khintchine, right j==N
inequality, a; = Aj f(x)

= 18fler < ByCpayllflur

appl

Tonellz

This is exactly the 2nd half of the inequality.

The passage N — oo in detail. For each N the chain gives

N /2
[Lav@ide < BRO Il o= (X as@R)"

j=—N

with a right-hand side that does not depend on N. This is the whole point of having (%) uniform in
N and w. The functions gy are monnegative and increasing in N: passing from N to N + 1 adds
the monnegative terms |Ayny1)f(z)|? inside the sum, and t — tP/? is increasing on [0,00). Hence

gn(z) — (ZjGZ |Ajf(a?)|2)p/2 = (Sf(x))? for every xz, a priori with value in [0,00]. By monotone
convergence,

| st@yde= Jim [ ox@ds < B2CL, 1AL

N—o0 R4

In particular the series 3 |A; f(z)|? converges for a.e. z, so Sf is finite a.e. and Sf € LP(R?), which
was not clear from the definition. Taking p-th roots gives ||Sf|lrr < BpCp.anllfllLe-

We need to prove (1), (2).
For (1):

Imon (@) < Z \7“] 16;(E)] < 4linllz~
+ ——
triangle = S 1 <2|nllpeo

since 0;: each shell overlaps only the neighbours. For fized &, the j with 2771 < [€] < 29T satisfy

|7 — log, |€]| < 1, an open interval of length 2, so at most two terms are nonzero at any &.

For (2): Note that for g € .7 (R%), a,b € N4, we have that

(—2miz)? 9%9(z) = / (P, - g)(€) ™€ de, Py = (i2r€)".

R4



P,; each x; is then produced by integrating by parts

(0% under the integral sign brings down (2wi&)®
once in &;, which costs a factor —2mwi and moves one derivative onto P,g. Boundary terms vanish since

g € .) One can also show that

2™ < Capr D 12", Bl =b1 4+ by,
lb|=M
- @mMat]0°8(a)| < | e ©]de b
1 29-1<fg]<2iH

identity with g = d;, |b| = M,
absolute values, |€2™%¢| =1, supp 0j

- aaé, X < [I;_M / ab Pad‘ d
sum over |b| = M ‘ j( )‘ - d’M’ ‘ |b|§M 21—1§|§|§2j+1‘ ( ])(f)‘ 3

J
|z|M < Canr 3 |2t

= 0% (@) < Bagalz| 1D va e RO\ {0}
this gives (2).
We have thus shown: there exists B, , 4 > 0 such that for p € (1, 00)

HSfHLP(]Rd) < Bpnd HfHLP(Rd)-

Lemma: Let f,g € .Z(RY), k € Z. Then

Apf(z) Apg(z)dez =0 for ¢ € Z with |k —¢| > 1.

Rd
“so this is orthogonality except for neighbouring shells”

Proof: fix k € Z. Then, by the multiplication formula [, F(2)G(z) dz = [ F(&) G(—¢) de,

/ Arf (@) Dog(a) do = / Anf(€) Rog(—€) de
Rd RA
5(€) F(€) 8(—€)G(—€)de =0 for |6 — k| > 1,

(A/k\f = 5kf because Ay f = 0y, * f and the Fourier transform turns convolution into a product.) since
suppd; C {€: 277 < |¢] < 2971}, a set symmetric under € — —¢, and the shells for k and £ are
|

disjoint when |k — ¢| > 1.

Lemma Let f € . (R%). Then

— 0.
L2 N—oo

N
|> A -]
k=—N
In particular for any ¢ € .7 (R%),

N
< Z Arf, 90> — {(f,p) (strong = weak convergence).
P N—o00



Proof:

N
|3 2w
k=—N

~

N —~ 2
> 0ul(6) (&) - Flo)| de
k=—N
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Plancherel

= [ 1fer (| S () 1) e
R k=—N

=0 for 2= N+l<|g|<2N

2
< 1+2 oo /
: ( 7]l zee) :

telescoping

f(©)Pde —— 0
£:1€]<2-N+1 or |¢[>2N} N—ro0

The <: 3 pj<n 0k(§) = 1(27NE)=n(2NT1E) by the telescoping on page 1, s0 | 324 <y Ox—1] < 14+2[In]| =

The — 0 by dominated convergence. Write Ex = {€ : || <27Vt U{¢ 1 |¢] = 2V} and hy = |f]® x5y »
so the last integral is fRd hy(€)dE. Pointwise limit: fix &€ # 0; as soon as 2~ N1 < |¢| < 2N, d.e. for
all N large enough (depending on €), € ¢ Ex and hx(€) = 0. Hence hy — 0 pointwise on R?\ {0},
which is a.e. Domination: 0 < hy < |f|? for every N, and |f]* € L*(R?) because | € .7 (R%) C L*(R%).
Dominated convergence then gives fkd hn(€)dé — [pa0dé =0 as N — oo. (Equivalently: the sets Ey
decrease to {0}, a null set, and fE |f|? is a finite measure of E, so it is continuous from above.) |

The first part of the inequality will be addressed using dual spaces in the next lecture.



