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Notation.

e )\ is Lebesgue measure on RY, |E| = A(E), B(z,r) the open ball, xg the indicator of E, C.(R%)
the continuous compactly supported functions, .#(R%) the Schwartz class.

e For h : R — C and t > 0: hy(x) := t~%h(x/t). Then ||hi| ;1 = ||hl|p and {y : y/t €
B(0,p)} = B(0,tp).

e Maximal functions (Lecture 1), for f € LL (R%):
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B open ball
One has M.f < Mf.
e For measurable F, H > 0 the convolution (F's« H)(z) = [pa F(x—y)H (y) dy € [0, 0] is defined
for every .
|B(z,tp)| = t*|B(0, p)| for t, p > 0.

Used facts from Integration Theory.

o Tonelli. If g : X xY — [0, o¢] is A x B-measurable, then y — [y g(z,y) du(x) is B-measurable,
z— [y g(x,y) dv(y) is A-measurable, and

//gdudl/://gdyd,u.
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o Fubini. If g: X xY — C is A x B-measurable and g(-,y) is p-integrable for v-a.e. y, then the
set of such y is in B and y — [ g(z,y) du(z) is B-measurable on it.

e Holder. For measurable u,v : Y — [0,00], 1 < p < 0o and ¢ the conjugate exponent, %—F% =1,

/Yuvdyg (/Yupdy>1/p</yqu1/)1/q,

with no integrability assumed (both sides may be o).

e Monotone convergence. If 0 < g1 < go < --- are measurable and g, — g pointwise as n — oo,
then [y gndv — [, gdv as n — co.

e Dominated convergence. If g, — g pointwise a.e. as n — oo and |g,| < G a.e. for every n with
J G < o0, then [ g, = [gasn — occ.

e Dirichlet integral. S(t) := ft sils 75 satisfies 0 < S(t) < S(m) < 2 for t > 0 and S(t) —

0 s as
t — oo.
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Used facts from the lectures. .
o (L1) M.f < Mf (Lecture 1) and M is weak type (1,1): [{Mv > s}| < 2 |lv] ;2 (Lecture 1,
Theorem 1).



e (L2) M is strong type (p,p) for 1 < p < oo: ||Mwvl|;, < Cpallv|le (Lecture 2, Corollary).
With Markov this gives, for every 1 < p < oo and s > 0,

Cp
{Mv > s} < —= HUH (Crq:= 3d).

o (L3) If k € L' (R?) with [ k=1, then (k¢)s>0 is an approximate identity (Lecture 3, Example),
and k; * h — h uniformly as t — 0% for h € Co(R?) (Lecture 3, Theorem (ii)).

e (L4) Fourier transform ¢(§) = [ ¢(x)e 2™ dx, and (U, ¢) := (u,d) for u € .9 (Lecture
4). Seminorms p,p(¢) = sup, [2%¢®) (z)|, and u : ¥ — C linear is bounded iff |u(¢)| <
CZGS,@ p<t Pab(®) (Lecture 3).

Exercise (1). Prove the Minkowski integral inequality: let 1 <p < oo and let f: X xY — C
be A x B-measurable with f(-,y) p-integrable for v-almost every y € Y. Then

(L] [ s@odueaw)” < [ ([ 1r@opam) " dww.
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Exercise (2). Let g : [0,00) — [0,00) such that ¢ is decreasing and has only finitely many
discontinuities.
a) Define k : R? — [0,00), k(x) = g(|z|) for z € RY. Suppose that k € L'(R%). Show that for
every f € L (R%),

loc

sup(|f| * k¢) (z) < [|k[| 2 Mcf(z) for a.e. z € RY.
>0

b) Now suppose that k € L'(R?) with [, k(z)dz = 1 and |k(z)| < g(|z|) for all z € R
Show that for any p € [1,00) and any f € LP(R%),

lim (k¢ x f)(x) = f(x) for a.e. z € R%.

t—0t
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Exercise (3). Let p € [1,00), f € LP(R%). We define
u: R x (0,00) = C, u(z,t) = P x f(x),

where P is the Poisson kernel given by

~ T((d+1)/2) 1
P(z) = 7@ D2 (1 4 o) @ D/2

(z € RY),

and Py(z) = t~%P(x/t). Show that u solves the Dirichlet problem on the half-space Rf’l =
R? x (0,00) with boundary values f in the following sense:

a) Show that u is harmonic on R4 ile. 0fu(,t) + 2?21 8jzu(:x, t) =0 for (z,t) € RE.

b) Show that lim,_,o+ u(z,t) = f(x) for a.e. x € R%
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Exercise (4). a) Show that the functional p.v.(1/x) given by

<p.V.%, ¢> — lim /|x|>s @) 4 (6 € Z(R))

e—0t x

is well-defined (i.e. the limit above exists), and a bounded linear functional on .#’(R), hence
a tempered distribution.

—

b) Show that p.v.(1/z) = —imsgn, i.e.

- 1 £E>0
(pvio)=(—irsgn,¢) (b€ F®), sen(© =40 ¢=0
-1 ¢<o.
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